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Hubbard models for four-site four-electron {4,4} systems are analytically solved to elucidate group-theoretical
interrelationships between effective model Hamiltonians for radical clusters, metal clusters, CusOs, and so on. The group
operations used for this purpose are permutation group (Sn), spatial symmetry (Pn), spin rotation (S), and time-reversal
(T). The magnetic (color) group (7' x.S) is utilized for determination of the magnetic symmetry of spin structures obtained
on the basis of the classical Heisenberg model; namely a vector representation of radical spins. The magnetic double
group theory (TxSxPy) is used for characterization of general Hartree—Fock solutions (GHF) involving axial, helical,
and torsional spin density waves for {4,4} systems. The spin-optimized SCF solutions are constructed from the spin
projection of the GHF solutions (7' x Sx Px) by the use of the permutation symmetry (Sn). The Sn group is also used for the
quantum Heisenberg model for {4,4} systems. In order to show the interrelationships between these model Hamiltonians,
the electronic states of {4,4} systems with the Dy, Ty, and D5, symmetries are constructed by the use of the magnetically
ordered general spin orbitals which have been determined by the GHF calculations. The spin-optimized SCF solutions
for {4,4} systems examined here are equivalent to the full CI wavefunctions satisfying both spatial and spin symmetries.
The relative contributions of the spin polarization (SP) and doubly excited configurations in the GHF, projected GHF
and SO-SCF wavefunctions are clarified to elucidate possible mechanisms of spin alignments and antiferromagnetic spin
correlations. Implications of these computational results are discussed in relation to quantum and classical representations
of spin alignments in molecular magnetic materials such as iron—sulfur clusters. Molecular magnets having helical and
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torsional spin structures are designed and discussed in relation to the most general spin alignment in the species.

Several model Hamiltonians have been used for molecu-
lar systems with and without strong electronic correlations.
Among them the Hubbard model" has been employed to elu-
cidate variations of electronic properties of the species from
the weak correlation regime to the strong correlation limit in
combination with the generalized Hartree—Fock (GHF) and
configuration interaction (CI) methods.? The valence-bond
(VB) type model® is often utilized in the strong correlation
regime for treating spin correlation effects in radical species.
It is particularly useful for derivation of selection rules for
radical reactions.* On the other hand, the VB selection rule
derived from the classification of the starred (*) and un-
starred carbon atoms in alternant hydrocarbons is applicable
to prediction of possible high- and low-spin ground states of
organic polyradicals.® Thus selection rules for spin-related
phenomena are easily derived on the basis of the quantum
Heisenberg (QHB) model, which is one of the simplest VB
models. >

H(QHB) =— Zz-labsa'sba (1)

where Jy;, is the effective exchange integral and S, (c=a,b)

denotes spin at the site c. The QHB model is also utilized

for description of magnetic behaviors observed for multi-
center transition metal complexes such as copper oxides. On
the other hand, spin alignments and/or spin correlations are

pictorially expressed by the classical arrow notations for lo-
calized electrons in the classical Heisenberg (CHB) model.®

H(CHB) = — 3~ 2J:S455€05 6, @

where 6, means the angle between the spin vectors and S,
(c=a,b) is the magnitude of spin. Since spin alignments
often have magnetic symmetries, spin alignment rules are
described in terms of the magnetic group, which is given by
the direct product of the spin rotation (S) and time reversal
(T).!9 The T-operation is necessary for the spin inversion
because spin is an axial vector instead of a polar vector.
Penney’s bond order,'” which is given by the scalar product
of spin vectors in Eq. 2, is used for description of the spin
coupling. For example, a negative (G, >90°) value means
the singlet-type spin coupling or correlation. Therefore, the
Penney’s bond order in quantum chemistry is nothing but the
spin correlation function Ky, in solid state physics.'?

The spin alignment rules are also derived from the
Hartree—Fock (HF) MO-theoretical model.'” The spin align-
ments are closely related to the instabilities'® of the HF
solutions in the molecular orbital (MO) approach. In pre-
vious papers,'>1® the instability conditions for the restricted
Hartree—Fock (RHF) solutions for doublet and triplet states
have been formulated and applied to three- and four-elec-
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tron systems which are of basic importance for theoretical
understanding of spin alignments. It was shown that the in-
stability conditions for the doublet'® and triplet'® solutions
as well as singlet RHF solution are useful for the examina-
tion of the orbital and spin degeneracy problems in molecu-
lar magnets. More stable generalized Hartree—Fock (GHF)
solutions,'” ' which involve two-component spinors, have
been constructed on the basis of the instability matrices. The
correlation effects incorporated with the GHF solutions were
analyzed in relation to the spin correlation (SC) function K¢
defined previously.”” It was shown that the spin structures
in the classical Heisenberg model are closely related to pat-
terns of the K¢ functions of GHF solutions for species with
strong correlation. The interrelationship between spin struc-
tures in the Heisenberg model and spin densities of the GHF
solutions is also clarified from the viewpoint of the magnetic
group theory.'®

Although the GHF solutions involve important correlation .

effects in molecular magnets, they do not have correct sym-
metry properties.® > Therefore, wavefunctions possessing
pure symmetry properties are necessary to confirm the re-
liability of the GHF approximation.”” Thus, the symmetry
projection procedure has been an important problem in the
GHEF theory. We have already demonstrated that the spin-
optimized (SO) SCF wavefunction of the three-center three-
electron {3,3} system can be derived from the projection of
the axial (1,2) and helical (3) spin density wave (ASDW
and HSDW) solution with the triangular spin alignment
(Chart 1).2» The HSDW solution is written in the general
spin orbitals (GSO): two-component spinors. There is no
energy barrier on the hypersurface for the SO-SCF proc-
ess starting from the symmetry-projected HSDW solution.
Therefore, the HSDW solution is a good starting point to get
correlated wavefunctions with correct symmetry properties.
Generally, the SO-SCF wavefunctions constructed from the
orthogonalized general spin orbitals are rewritten in the form
of the complete active space (CAS) SCF wavefunction by
the use of GHF natural orbitals (NO).>*?® Judging from the
rapid SCF convergence in the case of the {3,3} radical, we
conclude that the natural orbitals and their occupation num-
bers derived from the HSDW solution should be good trials
for the CASSCEF calculations. Similar convergence behavior
has been demonstrated in the case of the axial spin density
wave (ASDW) solution for biradical species; ASDW with
M;-spin modulation is equivalent to the conventional UHF
solution in quantum chemistry.

Recently systems having strong electron correlations have
received great interest in relation to magnetic properties, to-

2(6m'2)
Chart 1.
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gether with spin-mediated superconductivity. The Hubbard
models? are often utilized to elucidate general tendencies de-
pending on the strength of electron correlation. The purpose
of the present articles is to obtain both qualitative and quan-
titative pictures for electronic states of four-center four-elec-
tron {4,4} systems, which are considered as possible models
for radical clusters, metal clusters, CusOy4 cluster in cuprates,
and so on. For the purpose, the spatial-symmetry-adapted
wavefunctions from the orthogonalized GSOs are derived
from the instability analysis of four-electron systems; the
spin polarization (SP) and electron correlation (EC) effects
involved in the systems can then be discussed. We consider
the singlet and triplet states of the four-site four-electron {4,
4} models with the Dy, and T, conformations and the triplet
state with the D3, conformation. In order to explain the inter-
relationship between the effective model Hamiltonians, the
orbital set induced by the instability condition is character-
ized by the magnetic point group. It will be shown that the
GHEF solutions for the Dgy,- and T -conformations have the
Dyy,- and T,;-magnetic symmetries, respectively. The pro-
jection on the pure $? and S, components is achieved by
using the previous projection procedure.” ¥ Each symme-
try-adapted wavefunction obtained here possesses the correct
spatial symmetry and is identical with the exact full CI so-
Iution within the active magnetic orbitals. These calculated
results will be discussed in relation to the interrelationships
between effective model Hamiltonians. Implications of the
calculated results will be discussed on the basis of the relative
contributions of the SP and EC effects and spin alignments in
molecular magnets. Helical and torsional spin structures in
multinuclear transition-metal complexes such as vanadium
oxides and iron-sulfur complexes will also be proposed as
the most general magnetic states in molecular magnetism.

Theoretical Backgrounds

Symmetry. The spin-free Hamiltonians Hsr commute
with the symmetry elements of time-reversal (7)), spin rota-
tion (S), point group (Py), and permutation (Sy) group.?”

[Hse,X]1=0, X=T,8,Px,SN. 3)

Hence, these four symmetry operations may be useful for
considerations of the relations between the solutions of the
effective Hamiltonians.”® The quantum Heisenberg Hamil-
tonian involves only the spin variable. Therefore, it can be
completely characterized by the permutation group Sy. Since
in the case of spin clusters various VB structures belong to
the irreducible representations of the permutation group, the
spin couplings between the components can be expressed
in terms of the Sy group. The classical Heisenberg model,
on the other hand, treats the spin moments whose mutual
directions are utilized to express the spin structures in the
clusters. The magnetic point group My will be useful for
their characterization:'?

Mn =HN+T(PN —HN), (4)

where Hy is a subgroup of Py.
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For general spin orbitals, there are three different sym-
metry operations: (i) time-reversion, 7, (ii) spin rotation,
S, and (iii) spatial symmetry operation, Py. Therefore, any
orbital set belongs to the irreducible representation of a sub-
group of the direct product group, TxSx Px.'® In most cases,
the ground GHF spin orbitals have the full symmetry of the
direct product group. Thus in the GHF theory, spin align-
ments can well be characterized by both spin (7'xS) and
space (Pn) symmetries. An extended Hartree—Fock wave-
function can be constructed by use of the direct product
group G=SnyXTxSxPy.?Y The group-theoretical relation-
ships between the solutions of various model Hamiltonians
are diagrammatically illustrated in Fig. 1.

Spin Structures. Here, the notations of spin struc-
tures are briefly summarized. Figure 2 illustrates schemati-
cally the axial, helical, and torsional spin structures, which
have one, two, and three dimensional spin components,
respectively.'®'® The Hartree—Fock (HF) solution with the
1D spin structure is called as the axial spin density wave
(ASDW) as illustrated in Fig. 2A. The ASDW solution can
be further classified into three groups on the basis of direc-
tions (X, Y, and Z) of spin vector. The ASDW with the Z-axis
spin modulation (ASDWZ) is the usual UHF solution. The
HF solutions with the 2D and 3D spin structures are denoted
as the helical spin density wave (HSDW) and torsional spin
wave (TSW), respectively.

Before the construction of GHF solution, the classical
Heisenberg model provides possible spin alignments char-
acterized by the magnetic group (TxS). Here, the GHF
solution in Fig. 1 is constructed to elucidate the interrelation-
ships between these model Hamiltonians. General methods
of the symmetry projections for the GHF solutions have al-
ready been discussed in previous papers.” In the case of the

Simple Valence Bond (VB) Model

Permutation Symmetry (Sy)
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present {4,4} system, there are four magnetically ordered
general spin orbitals (GSO). The wavefunction which has
the pure spin symmetry is to be derived as

B = Po P iy ys 5)

where P’S"f is the projection operator extracting the eigen-
function of S, with the desired eigenvalue M.?® The projec-
tion operator P 3 extracting the desired (S?)= S(S+1) is
given by the Wigner operators®” acting on the spin and spatial
coordinates, respectively. We carry out the projections with
P’s"i and Pg as indicated in Eq. 5 and subsequently normalize
the wavefunction. The wavefunction (Eq. 5), which has been
optimized with respect to both the spin coupling coefficients
and orbital-mixing parameters, is the spin-optimized self-
congsistent-field (SO-SCF) wavefunction of our present con-
cern. The SO-SCF wavefunction obtained here is equivalent
to the complete active space (CAS) SCF solution by the use
of active magnetic orbitals and magnetic electrons. Table 1
summarizes the notations of several wavefunctions used in
this paper.

Table 1. Notations for Wavefunctions Employed

Notations Full name

GHF Generalized Hartree-Fock (HF)
ASDWQ Axial spin density wave with
Mg-spin modulation (Q=X, Y, Z)
PSDW Projected SDW
EHF Extended HF, i.e., SCF solution after
the projection of SDW by Lowdin procedure
SO-SCF Spin-optimized SCF

Permutation Symmetry
Generalized Valence Bond (VB) Model Classical Heisenberg Model
Sy xRB) Spin Symmetry (T x S)
Spin Symmetry
Extended Hartree-Fock (EHF)
Spin Optimized SCF (SOSCF) Generalized Hartree-Fock Hiickel Model
SyxTxSxR) (TxSxB By

Fig. 1. Schematic illustrations of the effective model Hamiltonians used for calculations of electronic structures of molecular
systems. The model Hamiltonians are characterized by the symmetry elements of time-reversal (T), spin rotation (S), point group

(Pn), and permutation (Sx) group.
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A(ASDW)
Fig. 2.

B(HSDW)

Vg \

C(TSW)

Schematic illustrations of the spin alignments; (A) axial spin density wave (ASDW) solutions with the X, y, and z-spin

modulation; (B) helical SDW (HSDW) solution with two-dimensional spin modulation in the xy-plane; (C) tortional spin wave

(TSW) solution with the three-dimensional spin modulation.

SO-SCF Calculations of Four-Site Models

Singlet State in the D4, Conformation. There are
several molecular systems with Dy, conformation: Hy cluster
(4), cyclobutadiene (5), CusO4 cluster (6) in cuprates, and
so on (Chart 2). The electronic structures for these systems
are approximated by the {4,4} Hubbard model, which can
be solved analytically. The RHF orbitals {¢;} are given by
the Dy, spatial symmetry as'®

& 1 1 1 1 n
e |11 1 -1 -1 »
e | "2 1 -1 -1 1 w0 ©
& 1 -1 1 -1 P2

where, y, is the orthonormalized atomic orbital on site p.
The orbitals ¢ and ¢4 have the symmetries, aj; and byg,
respectively, and ¢, and ¢; are the bases of e, symmetry. The
instability condition for singlet RHF solution gives the M-
modulated (7) axial spin-density-wave (ASDWZ) solution
(Chart 3): namely the traditional singlet UHF solution used
in quantum chemistry.

H H
H-———H R —e C!u-—O——ﬁu
N () I I
| |
- : Cc—"C
H-——-H Cu—O—Cu
H N
4 5 6
Chart 2.
7 (1ASDW?Z) 8 (3ASDWX) 9(1TSW)
Chart 3.

A LA
Yt = KCOSE) = <sm§) ¢4] N, @)
+ 1
= — :l: 9
1/}2 \/§(¢2 ¢3)17:|:
and the wavefunction of ASDWZ solution is given as
"Whsowz = |y y Yy | ®

where 7, and 7_ are the - and -spin functions, respec-
tively. the different-orbitals-for-different-spins (DODS) type
MOs in Eq. 7 are schematically depicted in Ref. 8. The re-
duced total electronic energy depends on the orbital mixing
parameter A:

7 1
'Easpwz = —4xcos A — Zsin2 A— %sin A+ ?_1’ 9)
where x is the ratio of the resonance integral, # (or transfer
integral, —f) to the on-site repulsion integral U=(j, Xpl o Xp>1

__B_t
x=—r= U (10)
Also, Ey is the reduced (dimensionless) energy of a given
state R defined as

Er=(Er —4a)/P, an

where « is the coulomb integral.

Table 2 shows the transformation properties of the AS-
DWZ solution. The ASDWZ state is kept invariant under
the symmetry operations of the subgroup Dy, (= Hy in Eq. 4)
of the point group Dy,. Under the elements of (D4,—Dan)
with the time reversal operation, the ASDWZ state is also in-
variant. Therefore, the ASDWZ solution is the magnetically
ordered set which possesses the symmetry characterized as
the magnetic point group 4'/mmm/’.'®

Since the orbital product /vy, w31y, is already the
eigenfunction with M=0 of the operator S, we project
Yy wiys on the pure state with the eigenvalue ($%)=0
by means of Eq. 5. The explicit form of the projected wave-
function can be compactly written in a linear combination of
the spin-restricted configurations:
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Table 2. Transformation Properties of the ASDWZ Orbitals with the 4'/mmm’ Symmetry™®

E (€L (o) Cy, Cax Coy (Caa)' (Co)'
g[1+ g/]-i» 45* WI— 78%—— _l¥/1+ “lllll— wl— S* Wl+ gq/{}
'Ze v eyr ' v i wr -y ' a2
2+ WZ+ _8* %7 8’:[/2_ qu2+ lq'lz— g/z— 8* ¥/2+ —SW;
v v ey WS iy iy -y —e¥ ey
I (S3) (Si)t O 0y (03) (0w
wr A A L AL ' A e
R S S A . S
W; _w2+ _8* ¥/27 —glllz_ _lq/;— _lgfz— _WZ— —{;‘* %—F €%+
qyz— _ g,z— ~£%+ _g* q/2+ l-lllz— — q/2+ %1» 8’1/2_ ¥ gl27
a) €=exp(%i). b) tis a time inversion operator.
! Wrspwz-so-scr = D @é +D, ¢SSP +Ds IPSE, (12) When o=1,
Where IEPASDWZ __ 24xcos A +3sin /1 + 3/4. (16)

¢é=%(l¢1 G162 Bal — | P13 B,

¢SSP=%(|¢1 P05 ¢ +|$1¢2$3¢4|+|¢1 ¢2$3$4’
+|$1$2¢3 ¢4 | - 2|¢1 525351)4 | - 2‘&1 ¢2 ¢3 54’)7(13)

s 1 - = - =
Dpg = ﬁ(lﬁbz D24 ¢4| — |5 D3¢, ?aD,
and where the CI coefficient D; (i=1—3) is expressed with

the normalizing factor (N), the orbital mixing parameter (1),
and the spin coupling coefficients C; (i=1,2):

DI:CL\/%VCOS2 %, D2=\/?§C2N05in/17
CN ., A

D _— = J—

5 \/2_51 5

C,N\ 2 o? P

(T) _[2 <?—1>sm Al (14)
G

=5

D5, Dsp, and D3 are the ground (G), spin-polarization
(SP), and doubly-excited (DE) configurations, respectively,
since the reference configuration @g involves the two Slater
determinants which are degenerate in energy. When the spin
coupling parameter o is taken to be equal to unity, the SO-
SCF wavefunction (Eq. 12) is reduced to the spin-extended
HF (EHF) solution by Léwdin.?

The configurations @g, Psp, and Ppg possess the com-
mon space symmetry Bi,. Namely, the projection improves
the space symmetry as well as the spin symmetry. The SO-
SCF function obtained here is nothing but the CASSCEF so-
lution, which is equivalent to the full CI solution within the
four magnetic orbitals, since there are only three configu-
rations of the Bjg-symmetry in the singlet state of the Dy,
conformation.>”

The reduced energy !Eso_scr calculated by Eq. 12 is as
follows :

IEASDWZ-SO—SCF = —4x(D% — D%) + 3D%/4 — \/gDz

(D1—D3)/2+D1D3/2+3/4. (15)

2(3 —sin*l)

The energies of the RHF, ASDWZ (UHF), symmetry-
projected ASDWZ (PASDWZ=PUHF), and SO-SCF (full
CI) states are depicted in Fig. 3. The spin-extended HF
(ASDWZ-EHF) state®® exists between the SO-SCF and PAS-
DWZ states. At the strong correlation limit (x=0) all the
energies except for the RHF state converge to the energy of
the four isolated spin fragments with S=1/2. The behavior
of the ASDWZ state is similar to that of the SO-SCF state.
Therefore, the ASDWZ state, namely singlet UHF, may be
regarded as a fairly good approximation to the SO-SCF in

E
Z; 3
104
Erur
00 0.2 04 06 08,

1—.
Epasowz

1= '
Easowzso-scF

Fig. 3. Normalized energies of the ASDWZ-SO-SCF, spin-
projected ASDWZ (PADWZ), ASDWZ, and RHF states
of the singlet state in the D,; conformation. In the T,
conformation, ASDW is replaced by TSW.
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energy although it is symmetry-broken.

Figures 4(A) and 4(B) show the orbital mixing parameter 1
and the spin coupling parameter o, respectively. The A -value
of the ASDWZ-EHF state is larger than that of the ASDWZ
state at any given x. When the spin degeneracy is taken into
account, the A-value increases further. As compared to A,
the o-value is less sensitive to the variation of x. The spin-
polarization (SP) effect tends to increase as the ASDWZ state
is shifted to the EHF state by the optimization of A. The
double-excitation configuration becomes important, when
the spin-coupling parameter o is involved.

Shown in Fig. 5 is the tetraradical character (¥)'® calcu-
lated from the weights of @sp and Ppg:

y=2 (D% - %D%) = % (%) [0%sin® 1 + (1 —cos A)’]. (17)

The tetraradical character of the EHF state nearly coincides
with that of the SO-SCF state, and hence has been omitted
in Fig. 5. The spin-polarization (SP) and double-excitation
(DE) effects are underestimated in the PASDWZ state as
compared with the SO-SCF solution. However the PAS-
DWZ state is a very good trial for the SO-SCF solution since
these differences are negligible. In the EHF state, the spin-
polarization effect is overestimated, while the double-exci-
tation effect is underestimated. These errors are corrected
by taking the spin degeneracy into consideration. Thus it
is noteworthy that the ASDWZ (UHF) and EHF solution
more or less overestimate the SP contribution as compared
with the SO-SCF (full CI) solution, and that the SP parameter
defined in UHF and EHF should involve contribution of dou-
ble excitation (electron correlation) effect in a renormalized
manner.

Triplet State in the Dy, Conformation.  For the triplet
state, we obtain the My-modulated (8) ASDW (ASDWX)
solution'® from the spin-flipping instability conditions of the
RHF solution:

0 02 04 06 08
(A)
Fig. 4.
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10

03

0.6

04

YASDW Z-S0-SCF

02

0 . . X
0 02 04 06 0.8
Fig. 5. Tetraradical character of the PASDWZ and ASDWZ-
SO-SCF states of the singlet state in the Dy, conformation.
In the T; conformation, ASDWZ, is replaced by TSW at the
T4 conformation.

Y= (cos %) P11+ + (sin%) Pafr,

Y =3 (@e + ). ag)

The electronic energy >Easpwx of the Slater determinant
constructed from the ASDWX solution is found to coincide
with 'Easpwz (Eq. 9) under the Hubbard model.

The transformation properties of the ASDWX solution are
characterized by the point group D, rather than Dyj,. The
ASDWZX state is invariant under all elements of the subgroup
C»y, of Dyy,. Nor does it alter under the elements of (D,,—C5p)
with the time reversal operation. Therefore, the ASDWX
state of the triplet state possesses the symmetry represented
by the magnetic point group m'm’m.

The Ps.-projection of the orbital product ¥, ¥, ¥3 1y, on
the eigenstate with S=1 produces two spin coupling parame-

-3

L 3

101

W

0 Q2 04 06 0.8
®)

(A) Variations of the orbital mixing parameter 4 with x for the ASDWZ-SO-SCF, ASDWZ-EHF, and ASDWZ solutions for

the singlet state in the D,;, conformation. (B) Variation of the spin coupling parameter ¢ with x for the ASDWZ-SO-SCF state.
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ters 0=C1/C3 and 7=C5/C5. It, therefore, is noteworthy that
three spin coupling parameters are necessary for the triplet
state of four spin systems. In this conformation, however,
7 proves to equal ¢ under the variational condition for the
energy. Therefore, the SO-SCF wavefunction of the triplet
state is given as

> Wy spwx-so-scr = D1 Dy + D2 D + D3 Diyg, (19)

where @fr, Df;, and P denote the lowest-energy, semi-
internal, and doubly-excited triplet configurations, respec-
tively:
¢cl;T = |¢1 51452 ?s I,
1 _ _
gzjStI = ﬁ(lfpl D, P4 [— 19 ¢ D39, D,
‘Plt)E =[¢, &5 &, $4| (20

and where the CI coefficients (D;) are given by

_NGs 52 V2 ,
D, = 5 cos” =, D, = 4NC3as1n/1

_ NGs ., A (NQ 2_[ 1 5 2,17
D5 = 2 sin 7 5 ) = 1+2(0 1)sin A] .

@n

These configurations @&, Pf, and Df have the com-
mon space symmetry A,. Since there are only three con-
figurations of the A, symmetry in the triplet state of the
Dy, conformation, the ASDWX-SO-SCEF solution should be
identical with the full MC-SCEF (full CI) solution. The situa-
tion indicates that the Péz and Pg projections of the orbitals
which have the symmetry of the magnetic point group m'm’'m
produce the exact solution without the healing of the space
symmetry.

The total electronic energy of the SO-SCF state is ex-
pressed in terms of the CI coefficients as

? Easpwx-so-scr = —4x(D} — D3)
—D3/4—Dy(Di — D3)/V2
+D1D3/2+3/4. 22)

The reduced energy for the case of o=1 agrees with that
of the ASDWX solution, so that the PASDWX and EHF
states are identical with each other. The energies of the
RHF, ASDWX, and SO-SCF (full CI) states are depicted in
Fig. 6. The ASDWX state possessing the symmetry m'm’'m
is a particularly good approximation to the exact full CI
triplet solution. The lowering of the SO-SCF energy from
the ASDWX energy is less than that of the singlet state. This
in turn indicates that, since ' Exspwz="Easpwx, the ground
state of the Dy, conformation should be the singlet state, in
agreement with the conclusion reached from the previous
CPY calculations.

The familiar ASDWZ solution; triplet UHF solution, can
be easily constructed from the DODS MOs in Eq. 7 as

€

3y (ASDWZ) =
( ) 7

1 - — .
(¢2+¢3)ﬁ(¢2+¢3)¢1 Y| (23)
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Fig. 6. Normalized energies of the ASDWX-SO-SCF, AS-
DWZX, and RHEF states of the triplet state in the Dyj, confor-
mation. In the T, conformation. ASDWX is replaced by
TSW at the T; conformation.

The projected ASDWZ solution, therefore, does not involve
the semi-internal (SI) configuration in Eq. 19, and therefore
PASDWZ. solution is less stable than PASDWX. Thus the
triplet UHF and PUHF solutions and many other papers do
not involve the semi-internal (SI) contribution, which is cru-
cial for stabilization of the triplet state. This is the reason why
the conventual UHF theory predicts the greater stability of
the singlet state than the triplet state for Hy radical (4), square
planar cyclobutadiene (5) and CusOy cluster (6) with the Dy,
symmetry. The spin polarization (SP) rule was thus derived
from the conventual UHF (ASDWZ) model. However, judg-
ing from significant difference between the PASDWX and
PASDWZ results, the SP rule should be modified to include
the semi-internal and external correlation effects if it does
not work well in subtle cases.

Figures 7(A) and 7(B) show variations of the optimized
orbital mixing parameter A and spin coupling parameter o
as the functions of x. The A -value of the PASDWX state is
uniformly smaller than that of the SO-SCF state, just as has
been the case with the singlet state. However, unlike the case
of the singlet state, o diminishes drastically as x increases.

The tetraradical character y was calculated to be

1 (NC3
2

2
T) [0%sin® 1 +(1 —cos A)’], 24)
whose variation with x is illustrated in Fig. 8. They y-value
of the PASDWX state agrees closely with that of the SO-SCF
state. It is significant, however, to investigate the respective
contributions of the semi-internal (@§;) and external pair



580  Bull. Chem. Soc. Jpn., 71, No. 3 (1998)

0 X
0 02 04 06 08

(A)

Fig. 7.

Hubbard Model for Four-Site Four-Electron Systems

»0
>

0 »X
0 02 0.4 06 0.8

®

(A) Variations of the orbital mixing parameter A with x for the ASDWX-SO-SCF and ASDWX solutions of the triplet state

in the Dy, conformation. (B) Variation of the spin coupling parameter o with x for the ASDWX-SO-SCF solution.
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Fig. 8. Tetraradical character of the ASDWX-SO-SCF and

PASDWX states of triplet state in the Dy, conformation. In
the T; conformation, ASDWX is replaced by TSW.

(@}g) correlation effects.” For a fixed x-value, the increase
in the A-value enhances the external pair correlation and
semi-internal correlation effects. The semi-internal effects
decrease with the increase of o-value. Compared with the
correlation in the SO-SCF solution, the semi-internal corre-
lation effect in PASDWX state is, therefore, overestimated,
while the external pair correlation effect is underestimated.
This situation is the same as that of the singlet state of the
Dy, radical. However, since these differences are small, the
PASDWX state is regarded as a good trial for the SO-SCF
(CASSCEF) calculation.?®

Singlet State in the 7; Conformation (9).  There are
several model systems with T; conformation: Hj cluster
(10), My cluster (11) (M=Li, Na, etc.), Fe4S4 cluster (12) in
ferredoxin, and so on (Chart 4). As a model for 10 and 11,
the Hubbard model for {4,4} system with Ty conformation
is examined. The RHF orbitals { ¢;} of the T, conformation
are easily determined by the T, spatial symmetry (see Eq. 9

M Fe— :
FARN I\ I\S_r_ Fe
H=A4~H M—4-M S| Fe |
REA - Y
10 1 12
Chart 4.

of Ref. 16). The orbitals ¢,, ¢, and ¢, are triply degen-
erated and are the bases of the irreducible representation ;.
The most stable solution within the single Slater-determinant
approximation is the torsional—spin—w_a/ve (TSW) solution (9)
given by the magnetic double group 4 3m.*?

: A, )
1/}1 = [¢1 COS§+$(@¢2 +O'y¢3 +0}¢4)Sll’1 —i] e,

1
Wi = E(azqﬁ2 + W’ Oy Py + W0 ) e,

The total electronic energy of single Slater determinant con-
structed from these orbitals is again the same as Eq. 15.

The transformation properties of the TSW solution under
an operation of the elements of 7, (for G) are summarized
in Table 3. The transformation induces a 2x2 matrix, re-
flecting the two-component character of the TSW solution.
Nevertheless, the spin density derived from the transformed
orbitals does not alter. The TSW state is invariant under
the elements of the subgroup 7T and time reversal elements of
(T,~T). Therefore, the TSW solution possesses the symmetry
characterized by the magnetic point group 4'3m (Eq. 4).

The SO-SCF wavefunction is obtained by the projection
of the orbital product ¥y ¥, 951, on the eigenstate with
M=S=0:

' Wrsw-so-scr = D1 DG + D2 D5 + D3 B, (26)

where
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Table 3. Transformation Properties of the TSW Orbitals with the 4 3m Symmetry*?
One of the Generator Sets is {E, Cax, Cay, C*31, C 31, (S*4x)'}-

v v L2 7
E wr w- vy v
Cox —iyy - —iy -y
Coy v -y v -9
Ch o) GO0 Ll (VW) et olo(W )
C; S0P ) Saa(W+¥)  Losa(W-Y¥)  Looo(¥+¥)
(S W(ZWI +¥7) ﬁ(gll —i¥) ﬁ(l%—% ) ﬁ(g’z—lqu )
“(0) e oy —e0, W & ol - ¥

a) 8:exp(%i), w:exp(%ni). b) tis a time inversion operator.
basis set.

DG = %(Hbl $1¢2$2| +o|@, $1¢3$3|+w2l¢1 $1¢4—¢74[)a

D, = %(W’] ?, $3$4| +10,0,0 &, D+ (B 9,85 0] 27)

+ |$1 ?, $3¢4 D+ wz(l¢1 52—9-53@ [+ lal D, ¢ $4|):
P = %(W&s 53‘])454' + 0|, 52?5454' + a)2]¢2$2¢3 53])’

and where
CN L, A i .
Dy =———=cos" —, D,=——=C;Nosinl,
] V3 2 RN A
CoN L2 A
D = —— 2 —_ =
3 3\/§( o+ 1)sin 5 ¢ Ci1/Cy,
-1
C2N 2_ 4/1 1 2 . 4A 0'2 .2
( 3 ) = {3cos > +3(20+1) sin §+7sm A

(28)

The SO-SCF solution contains the ground (®§), pseudo-
double-excitation (@5) or spin polarization, and double-ex-
citation (@J) configurations.

Let us study the space symmetry of each configuration.
The configuration @ can be factorized into the real and
imaginary parts as follows:

¢é=%(¢o1+i¢(}2),
s 1 o s )y b b b
&g, = %(2|¢1 PP Dol —P1 D105 P3| — |y @1 Py DD,
s 1 Y Y ” b
D, = ﬁ(lcbl P15 Pl — |01 D104 D) (29)

Since &g, and D¢, are the basis functions of the irreducible
representation e, the space symmetry of @ is characterized
as 'E. Similarly, both @5 and D3 possess the E-symme-
try, because they can be factorized into the real and imagi-
nary parts whose space symmetries are characterized as 'E.
Therefore, the SO-SCF state obtained from the magnetically
ordered set 4 3m has the ! E-symmetry. There are three irre-
ducible representations e in the singlet state of the T,; con-
formation. The partner function®” in each irreducible repre-
sentation e does not interact with the various configurations
given by Eq. 29. Consequently, the SO-SCF wavefunction
is identical with the exact full CI solution in the minimal ba-
sis approximation and the CASSCEF solution in the extended

The total electronic energy of the SO-SCF state is ex-
pressed as

' Ersw-so-sce = —4x(D} — D3) +3(D2)* /4 — D1Ds/2
—V/6iDy(Dy +Ds3)/2+3/4. (30)

The explicit form for o=1 agrees with Eq. 15 for the PAS-
DWZ state of the Dy, conformation. Therefore, the TSW-
EHF and ASDWZ-EHF states give the same A-value and
energy value. Even when o#1, the optimized energies ob-
tained from Eqs. 15 and 30 are identical with each other.
Thus, the variation of the energy for each state with x is en-
tirely the same as in Fig. 3. The variations of 41 and o are
also practically the same as in the Dy, conformation (Fig. 4).
The tetraradical character y is calculated to be

2
y= (%) [azsmu + é(zm D*a —cosA)z] ) (31
When o=1, Eq. 31 agrees exactly with Eq. 17. The y-value
for the case of =1 nearly coincides with the value for the
full CI state of the singlet state in the Dy;, conformation. As
a result, Fig. 3 is considered to be valid for the T, confor-
mation as well. Thus the y-value of the PTSW state is less
than that of the SO-SCF state. That the y-value of the EHF
state is nearly equal to the SO-SCF state indicates that the
total contributions of the correlation effects @5 and @3 in
the EHF and SO-SCF states are the same. In the EHF state,
the weights of the pseudo-double-excitation (@;) and dou-
ble-excitation (D) configurations are greater than those of
the PTSW state because of the larger A-value. In compari-
son with the TSW-EHF state, the weight of @ in the SO-
SCF state somewhat decreases while that of @5p slightly
increases. Judging from the full CI (SO-SCF) solution, the
correlation effect of the configuration @5 in the EHF state is
a bit too excessive. In the PTSW state, on the other hand,
the correlation effects of @5 and @ are underestimated.
The situation is the same as those of the singlet and triplet
Dy, states. Since the correlation corrections for the PTSW
state are small, the PTSW state is a good trial for the SO-
SCF calculation of the 'E state in the T4-conformation.

The real part @3, and imaginary part &g, of the configu-
ration @ possess respectively the symmetries 'A; and 'B;
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of the point group D,,; which is the subgroup of 7. Since
the configurations @, and @7y exhibit the same property
as does the configuration &g, the SO-SCF wavefunction is
rewritten as

' Wrsw-so-scr( E) = @A) +iD('By), (32)

where @(!A)) is the ground state in the extended D, con-
formation, while @(!B;), which is more stable than @(lAl)
in the compressed D,; conformation, is connected with the
1B, ¢-state in the Dy, conformation. In the T;-conformation,
@('A;) and @('B;) are degenerate with each other.

Triplet State in the 7; Conformation. After the orbital
product 95" ¥ 31, has been projected on the component
with M=0, the SO-SCF wavefunction of the triplet state is
given as

? Whpw-so-scr = D1 Dby + Dy D +Ds D, (33)
where
@ = %(m G650 +10 G830,
P= (141 509+ 19,6 44 5l
~ 10, 0,8, 85l — (9,5, B3 B3, 34
B = (0 B205 Bl +10: 9,8,
and where

2 A i
D= %iNC;;o:os2 3 D; = —%NC3¢Tsin/17

Dy=— ?ﬂva(za +D)sin® % 35)

2 —1
(%CE) = {2(:054 % + %(20+ 1)sin* % +o’sin” /1] ,
G G
O=—=—".
G G
The resulting SO-SCF wavefunction contains the ground
(D5), pseudo-double-excitation (P4), and double-excitation
(PSg) configurations. The SO-SCF wavefunction is identical
to the exact full CT solution within the minimal basis approx-
imation, because three t;-representations are contained in the
triplet state and the partner functions of the ¢ -representation
do mnot interact with the configurations @§, P}, and Dfg.
Consequently, the projection of the TSW solution with 4'3m
symmetry on the triplet state with M=0 produces the exact
full CI solution without the healing of the space symmetry.
The total electronic energy of the SO-SCF state is ex-
pressed in terms of the CI coefficients as

? Exsw-so-scr = —4x(|D1|* — |Ds|*) — |Da|* /4 + D\ D5
+2D3(Dy — Ds) +3 /4. (36)

When o=1, this equation reduces to Eq. 23. Accordingly,
the PTSW and TSW-EHF states are the same. The energy of
the EHF state is equal to that of the Dy, conformation due to
the same optimized A -value as that of the Dy, conformation.
Even though A- and o-values differ from those of the Dy,
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conformation, the energy is identical with that for the SO-
SCF state of the Dy, conformation. Thus, the energy profiles
of the triplet state in the T; conformation are exactly the same
as given in Fig. 6. It follows that the ground state of the 7,
conformation is the singlet state.”

The variations of the optimized A- and o- values and of
the tetraradical character y with x are essentially the same as
those for the triplet state in the D4, conformation (Figs. 7 and
8).

The space symmetry of the SO-SCF wavefunction is re-
duced to the 34, symmetry by the subduction to the subgroup
D»,. This state, which is the lowest triplet in the compressed
Do, conformation, is connected with the >Ay, state in the Dyy,
conformation. The 3A, and 3E states are mutually degenerate
in the triplet state of the 7; conformation.

Triplet State in the D3, Conformation. The triplet
state of the D3, conformation is interesting in relation to the
triplet state of the trimethylene methane analogs as shown
in Fig. 9. The RHF orbitals { ¢;} are determined by the Ds;,
symmetry of the system (see Eq. 17 of Ref. 16). Figures 9B
and 9C illustrate the RHF HOMO (¢;) and LUMO (¢4). The
instability condition provides an ASDWZ solution.'®

Y = [(cos %) ¢+ (sin %) ¢4] 7, (37)
Y =@els, YR = Pelh

The DODS MOs (1/}1“—L) in Eq. 37 are also shown in Figs. 9D
and 9E, together with the spin densities. The ASDWZ so-
lution is kept invariant under the symmetry operations of
C3+T(D3p,— Csp). Thus the ASDWZ solution possesses the
full magnetic symmetry characterized as 6 m’ 2’. The corre-
sponding spin structure is depicted in Fig. 9F. The SO-SCF
wavefunction is similarly derived as in the case of the triplet
state of the Dy, and T,; conformations. Thus,

* Waspwz-so-scr = Dy D + Dy Dip + D3 Py, (38)
where
D6=19, 9,9, ¢_.l,
By= 1004, 0- P~ P8 0Bl (9
1 B D_.0u]+ 10 @.0_. 8D,
@1513 =|g, ¢—e¢4$4|7
and where
D= vy%cosz ~/21—, Dy =— —NGs osind,
Ds= —%si 2 % (%VY = [1 + %(02 —2)sin2/1] o

(40)

The ground (@), spin-polarization (@3p), and double-exci-
tation (@)g) configurations are generated. All the three con-
figurations possess the common space symmetry Aj. There
exist four configurations characterized as the A}-symmetry.
The residual configuration does not interact with the other
three configurations in the present model. Thus the SO-SCF
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wavefunction should give the results identical with the full
CI within the minimal basis approximation.

The total electronic energy of the SO-SCF state is given
as

3 Easpwz-so-scr = —2V/3x(D} — D3)
+§(D1D2 —D2D3 +D3D1)+§. (41)
The energies of the PASDWZ and EHF states correspond to
the case where o=1:

—8+/3xcos A 2sin A 2

3+cos? A _3(2—sin/l)+§' “42)

3
Epaspwz =

Functional dependence of the reduced energies on x is shown
in Fig. 10. The SO-SCF state is seen to be well approximated
by the ASDWZ state in terms of energy.

Variations of the orbital mixing parameter A and spin cou-
pling parameter o with x are much the same as those found
for the Dy, triplet state (Fig. 7). The tetraradical character
y calculated for the PASDWZ, SO-SCF and EHF states, are
illustrated in Fig. 11. In the PASDWZ state, both the spin-po-
larization and double-excitation effects are underestimated,
while in the EHF state, the spin polarization effect is over-
estimated. Since the correlation corrections are small, the
PASDWZ state is a good trial to obtain the correlated wave-
function with correct symmetries. Thus the characteristics
of several solutions for the triplet D3, radical are similar in
other cases examined above.

The Energy Hypersurfaces of the SCF Processes

The results obtained in the preceding sections are sum-
marized in Table 4. The third and fourth columns show
the magnetically ordered solutions and their magnetic sym-
metries, respectively. The final column indicates the space
symmetries of the SO-SCF solutions generated from the mag-
netically ordered solutions.

E(y)
The molecular structure of the Dy, radical (A), trimethylene methane analog (B) and spin structure with the full magnetic
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Fig. 10. Normalized energies of the ASDWZ, PASDWZ, and
RHEF solutions of the triplet state in the D3, conformation.

Every SO-SCF wavefunction obtained here satisfies the
space symmetries. This is due to the fact that a spin-symme-
try breaking solution, which consists of the basis functions
of the point group, possesses the symmetry characterized by
the magnetic point group based on the point group (Py).®

In addition, the tensor products of orbitals ¢, ¢, ¢,
and ¢ arising from the S component of the orbital product
contain the common space symmetry due to the reduction by
permutation group. }

The energy of the SO-SCF wavefunction is dependent on
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Table 4. The SO-SCF (Full CI) States of Four-Electron Systems

Magmetic piont group

Space symmetry of the SO-SCF state

4/ [mmm’ By,
m'm’'m 3Aog
43m 'E
43m s
6m'2’ 45

Point group Spin symmetry HF solution
Dy, Singlet ASDWZ
Triplet ASDWX
Ts Singlet TSW
Triplet TSW
D3y, Triplet ASDWZ
y
4
1.0
08
06
O.4f
02t ASDWZ-S0-SCF
Ypaspwz
0 . . X
0 02 0.4 06 0.8
Fig. 11. The tetraradical characters of the ASDWZ-SO-SCF,

ASDWZ-EHF, and PASDWZ states of the triplet state in the
D5y, conformation.

Fig. 12. The energy surface as a function of the orbital mix-
ing (1) and spin coupling (o) parameters at x=0.6 for the
singlet state in the T, conformation. The points P, Q, and
R on the surface correspond to the PTSW, TSW-EHF, and
TSW-SO-SCF (full CI) states, respectively. The figures
appended to the contour lines indicated the reduced energy.

two variables, i.e., the orbital mixing parameter A and spin
coupling parameter 0. Figure 12 shows the energy contour
map of the singlet state of the T,; configuration. The state ob-

tained by Lowdin’s projection® lies on the line of o=1. The
point P and Q correspond to the PTSW and TSW-EHF states,
respectively. The PTSW state (P) is situated on a slanting
surface. The EHF state (Q) falls on a kind of saddle point
rather than a Jocal minimum. Therefore, it is easy to arrive at
the TSW-EHF state from the PTSW state along the line o=1.
When we go to the SO-SCF state (R) from the TSW-EHF
state, there is no energy barrier which we have to overcome.
In other words, the PGHF state is a good starting point to
get the full CI (SO-SCF) state by direct minimization. It
follows that the path TSW—PTSW—-TSW-EHF—SO-SCF
is a good trial to reach the absolute minimum. Eventually,
therefore, the TSW solution obtained by the stability analysis
of the RHF solution is a good trial point to locate the exact
solution for the T,; conformation. Since the energy behavior
of the TSW state is similar to that of the SO-SCF state, the
TSW solution itself is a good approximation to the SO-SCF
state in terms of energy, although it is symmetry-broken.
Similar results are expected with the triplet state of the D5,
conformation. The energy contour map at x=0.5 is shown
in Fig. 13. Here also, the EHF state (Q) is situated on a
saddle-like point. The EHF state smoothly connects with the

Z:
&
Q
-1.08 - o
0 + —
0s —_ 5
~1.0
) <59 T
-0.7
= .L
T 0.0
/ //4/'/_
-%/2
Fig. 13. The energy surface as a function of the orbital mix-

ing (1) and spin coupling (o) parameters at x=0.5 for the
triplet state in the Dsj, conformation. The points P, Q, and R
on the surface correspond to the PASDWZ, ASDWZ-EHF,
and ASDWZ-SO-SCF (full CI) states, respectively. The
figures appended to the contour lines indicate the reduced
energy.
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absolute minimum (R) corresponding to the SO-SCF (full
CI) state without the energy barrier on the way. Therefore,
the ASDWX solution is a good starting point to get to the
full CI state.?® It has been confirmed that the situation is also
true in the remaining cases.

Discussions and Concluding Remarks

Interrelationships between Model Hamiltonians. Ina
previous paper,”® we have thoroughly investigated the inter-
relationships between the unrestricted Hartree—Fock (UHF),
namely ASDWZ in this paper, UHF natural orbital (NO)
CI, UNO CASSCF and CASPT2 methods in the case of 1,
3-dipoles and -biradicals. Since such ab initio treatments
of multicenter transition-metal clusters are not so easy, we
have here considered Hubbard and Heisenberg models for
four-center four-electron {4,4} systems with Dy, T4, and
D3y, conformations to elucidate characteristics of spin and
electron correlation effects in these species. The analytical
expressions of the energy and CI coefficients can be derived
in these models, and they have indeed revealed common
characteristics for several wavefunctions used for elucida-
tion of antiferromagnetic correlation and derivation of spin
alignment rules as follows:

(1) The spin-density-wave (SDW) type Hartree—Fock (HF)
solutions with axial, helical, and torsional spin modulations
are derived from the instability analysis of the restricted HF
(RHF) solution.

(2) The projected SDW solutions involve all the configu-
rations which are necessary for the spin-restricted full CI cal-
culations, while the SDW solutions involve all these terms,
together with other spin contamination contributions.

(3) The projected SDW solutions are good trials for the
spin-optimized (SO) SCF solutions which are equivalent to
the full CI within active magnetic orbitals.

(4) The SDW and spin-projected SDW solutions usually
overestimate the contribution of the spin polarization (SP)
configuration but underestimate the contribution of the dou-
ble excitation (DE) configuration, as compared with the cor-
responding results obtained by the full CI solution.

From these results, we have practical procedures to elu-
cidate complex spin correlations and spin alignments on the
basis of the model Hamiltonians given in Fig. 1:

(a) The spin vector model or classical Heisenberg model
is applied to elucidate possible spin alignments for radical
species and the magnetic symmetries (7'x.S) of the spin struc-
tures.

(b) The Hiickel and/or extended Hiickel calculations are
performed for molecular systems to elucidate the energy gaps
between magnetic orbitals, and their spatial symmetries (Py).
If the energy gaps exceed a threshold value, the species un-
der consideration are usually nonradical species or low-spin
species.

(c) The SDW solutions are constructed from the magnetic
double group (I'xSxPy) in combinations with the above
results (a) and (b). The spin densities obtained from these
solutions are utilized to depict the spin alignments (or spin
correlation functions).
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(d) However, it is noteworthy that the SDW solutions do
not provide real spin densities of small clusters, in contrast
with infinite systems with three-dimensional lattices.

(e) The spin projection of SDW solutions provides impor-
tant spin-restricted configurations, leading to qualitative ex-
planation of spin correlations and mechanisms of spin align-
ments in molecular magnetic materials.

(f) If necessary, the limited CI, SO-SCF, and CASSCF
calculations®® are performed to confirm such qualitative ex-
planations at step (e) and to obtain more refined quantitative
results, such as the weights of spin polarization and other
electron correlation configurations, spin densities, and so on.

Reduction to Spin Hamiltonians.  According to the
above theoretical procedures, we can obtain CASSCF solu-
tions for magnetic clusters unless the number of active mag-
netic natural orbitals becomes over fifteen. However, such
ab initio computations are impossible for larger magnetic
clusters with even larger CAS. Therefore, the Heisenberg
models in Fig. 1 are often utilized for qualitative discussions
of molecular magnetism. For example, the present Hub-
bard model for the four-center four-electron {4,4} system
is reduced to the Heisenberg model with the four-site four-
spin (S=1/2) system if the intersite resonance integral (|5]) in
Eq. 101is much smaller than the on-site repulsion integral (U).
Under the condition (|8|>>U), the interatomic interactions
are expressed by the effective exchange integrals between
localized spin orbitals i and j.

2 2
Jy = —% = —20x (43)

where, x is defined by Eq. 10.

The Jy-value is about —1000 cm ™! for the nearest neigh-
bor spins on the copper atoms of the copper oxide unit (6)
with axial spin structure (7). The spin state of the two-di-
mensional (2D) lattice in La,CuOy and related copper oxides
is well described by the Heisenberg model. The Heisenberg
model is also applied to a fifteen-oxovanadium cluster (13)
(Chart 5), Ks[Vi5A56042(H20)]-8H,0, where V(IV) has a
spin (S=1/2). 13 has a magnetic multilayer structure with an-
tiferromagnetic layers sandwiching a triangular lattice with

@ :V(Vanadium)

13
Chart 5.
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VII

Fig. 14. The spin structures (I—VII) obtained for iron-sulfur clusters (see Table 5) by the Heisenberg model.

helical spin structure (3).** This spin structure (13) is easily
obtained since the effective exchange interactions are con-
sidered only for nearest neighbor sites.

The Heisenberg model can be extended to more complex
systems involving transition metal ions. The effective ex-
change integrals between transition metal ions are usually
described by an orbital average form as

1 m n

S5, (44)
1

i=1 j=

Jap =

mXxn

where a and b sites have the m- and n-magnetic orbitals,
respectively. The Heisenberg model for multi-center multi-
electron systems are, therefore, given by Eq. 1, and spins
are often treated as classical spins as shown in Eq. 2 since

s>1. For example, the Heisenberg model is applicable to
the antiferromagnetic square planar Mn(II) cluster, for which
Cu(I) in 6 is replaced by Mn(Il) (S,=5/2). This means that
the twenty-orbital twenty-electron {20,20} system presented
by the Hubbard model is reduced to the four-center four-spin
system with the orbital average effective exchange integrals
(Jap)- It is noteworthy that the size of spins in Eq. 2 is given
by the average values for mixed-valence (MV) spin pairs
such as the Mn(IIN-Mn(1V) pair (S,=5,=3.5/2).>%

Applications to Iron—Sulfur Clusters. As an example
of the present procedures in Fig. 1, let us consider ferredoxin
systems*? with the Fe,S4 cores (12), which have the T, and
Dy, conformations:

Table 5. The Molecular Structures (Sym.), Spin State (S), and Oxidation Numbers (0. n.) of Irons and Effective Exchange
Integrals (J) for Iron—Sulfur Clusters
J-values i
System m Sym. S MV o.n. obsd caled
I [Fe>Sz]™ +2 Dy, O(AF) 2Fe(+3) 3.0 —148, —185 —171,9 —2659
v +1 172 Fe(+3),Fe(+2) 2.0,3.0 —70, —110
II [FesS5]™ +3 Csy 172 3Fe(+3) 3.0 —-21, =24 —76
+2 Csy, Coy 1,2 2Fe(+3),Fe(+2) 2.5,3.0
III [Fes(us-S)1™ +1 Csy 172 3Fe(+3) 2.0
0 Csy, Coy 1,2 2Fe(+3),Fe(+2) 2.5,3.0
IV [FesS4]™ +3 Dy4, Coy 172 3Fe(+3),Fe(+2) 2.67
+2 Dy O(AF)  2Fe(+3),Fe(+2) 2.5 —2329 —188
+1 Day, Cay 12 Fe(+3),3Fe(+2) 2.25 —20°
V [FesSs])™ +2 Cay 0(AF) 4Fe(+3) 3.0
VI [FesSo]™ -2 Cyy 0(AF) 4Fe(+3),2Fe(+2) 2.67
VII [FesSs]™ +2 0(AF) 6Fe(+3) 3.0

2) Jobs(+3,43)=~275, Jops(+3,42)=-250, and Jops(+2,+2)=—225, b) Jops(+3,+2)=—60, Jops(+2,+2)=—40 (cm~1), (Ref. 38), c) Ref. 33,

d) Ref. 34.
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(a) For example, the most general spin structure in Fig. 2C
is realized from the T,-space symmetry.

(b) The EHMO calculations have already revealed the en-
ergy levels of T, symmetry-adapted MOs. Judging from the
near degeneracy between HOMO (4¢) and LUMO (41;), one
can conclude that the triplet instability occurs, in conformity
with the temperature-dependent paramagnetism.

(c) The possible spin structures are derived from the mag-
netic group considerations (G=T%Sx Py).

(d) The possible GHF solutions are constructed in con-
formity with the magnetic double group theory. From the
t,-instability, four GHF solutions result, and two of them
exhibit the torsional spin structure in Fig. 2C.

(e) Though these general spin structures are nothing but
antiferromagnetic spin correlations in a single cluster, the
extended systems or clusters of the Fe,S, cluster are consid-
ered to accomplish helical and torsional spin arrangements
in the solid state.>”

In the past decade, several iron-sulfur cluster have been
synthesized, as summarized in Table 5. The spin alignments
in these clusters are easily determined by using the classi-
cal Heisenberg model given by Eq. 2. Figure 14 illustrates
the spin structures (I-—VII) obtained for the corresponding
iron—sulfur clusters in Table 5. From Fig. 14, the iron—sul-
fur clusters exhibit complex spin correlations expressed by
axitial, helical, and torsional spin structures. Thus, the elec-
tronic structures of iron—sulfur clusters are labile since sev-
eral frontier electrons do not form tight pairs, in contrast
to those in stable transition-metal clusters satisfying the 18-
electron rule. This may in turn indicate that electronic prop-
erties, for example oxidation—reduction potentials, of the
clusters are sensitive even to variations in local environ-
ments such as changes of conformations of thiolate ligands
in ferredoxins.?

According to the spin structures in Fig. 14, we can con-
struct the GHF solutions for the clusters in conformity with
the procedures in Fig. 1. For example, the ab initio AS-
DWZ solutions were obtained for both low- and high-spin
states of the 2Fe—2S model cluster (I).>> The J,, value in
the Heisenberg model (Eq. 1) was calculated to be —171
cm™! by using the total energies of these solutions. It is
compatible with the observed value shown in Table 5. Ab
initio calculations of larger Fe—S clusters are in progress.
On the other hand, the density functional (DFT) calculations
of 2Fe-2S* and 4Fe~4S*" clusters have been carried out
to elucidate orbital energy levels and J, values. Since the
DFT solutions are limited to the axial SDW-type because
of density approximation,®® only the single J,, value has
been obtained for 4Fe—4S*” clusters, though three J,;, values
have been experimentally required to explain the magnetic
behavior;*? note that the torsional spin structure becomes
the ground state in this situation.’® Thus ab initio GHF cal-
culations of 4Fe—4S*” clusters are desirable for distinction
between DFT and GHE.

Recently a large Fe—S cluster (13), [NayFe;gS301%~, was
synthesized.*” It has a cyclic structure, namely disk-like or
toroidal topology. The y™ vs. T plot is indicative of an
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antiferromagnetic behavior with a singlet ground state, in
consistent with Méssbauer results.*” The magnetic moment
per Fe atom at 304 K (ug.=1.40 up) is closely comparable
with those of other smaller Fe—S clusters in Table 5. The spin
orientation of 14 can be understood by the combinations of
general spin structures in Fig. 14. Although the GHF so-
lutions for 14 are hard to obtain even at the semiempirical
level, the spin orientations can be qualitatively described
by the classical Heisenberg models in combination with the
magnetic group as shown in Fig. 1. In conclusion, giant tran-
sition-metal clusters are of great interest from the viewpoint
of molecular magnetism as well as bioinorganic chemistry.*"
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